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Abstract 
This paper states the scattering-theory parameterization 
of absorption cross-sections and refractivity for autoionizing 
spectral lines, and discusses empirical determination of profile 
parameters, as well as their physical significance. 
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I. INTRODUCTION 
The microscopic description of the propagation of radiation 
employs a complex index of refraction, 9, to introduce the 
influence of the propagation medium. The real part of’:-1, the 
refractivity n-1, accounts for the phase shift of the wave, 
while the imaginary part accounts for the diminution of the beam 
intensity due to various scattering processes. That is, for 
radiation of angular frequency W, 
where o(W) is the atomic absorption coefficient (the attenuation 
cross-section), N is the density of absorbing atoms, and A = 27rc/w 
is the wavelength in vacuum. 
The abrupt variation of O ( W )  with frequency, near a resonance 
frequency W O ,  defines the natural profile of a spectral line. It 
is the task of microscopic quantum-mechanical descriptions of 
radiation interactions to connect the line profile (and the re- 
fractivity) with atomic characteristics such as wavefunctions or 
atomic matrix-elements. For autoionizing lines -- transitions to 
an energy level lying above the first ionization limit -- scatter- 
ing theory provides the following profile parameterization: 1 
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ae+b 
a(€) = -+ C(€) J 
e2+1 
n(s)-1 = 
where e is the energy displacement from the resonance energy E, , 
expressed in units of the resonance half-width r : 
(The approximation sign indicates the replacement of h,h by A:). 
That is, a particular profile is characterized by the constants 
E, , r J  a, and b, and by the slowly varying backgrounds C ( e )  and 
D ( s )  . The obvious connection between the absorption profile a ( w )  
and the refractivity, manifest from the parameterization of E q s .  
(2) and ( 3 ) ,  is simply an expression of the Kronig-Kramers dis- 
persion relation. Fano and his colleagues have used the equi- 
valent parameterization 
2 3 
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where q is a constant and (T and oa are slowly varying functions of e .  b 
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In the present note, I wish to point out, first, the 
simplicity with which profile parameters may be determined and, 
second, the physical significance of the parameters. 4 
11. PARAMETER DETERMINATION 
Given an experimental curve of o versus w (or o versus A ) ,  
one first draws an interpolated background through the resonance 
profile, as indicated by the dotted line in Fig. 1. The resulting 
curve is the function C(w)  (or, in the Fano parameterization, the 
function o +o ) .  a b  
Next, one measures the maximum excursions of the curve o(w) 
from the background C(ui ) .  On Fig. 1, these positive quantities 
are labelled -$ (for peak height) and (for peak depth). (In 
the Fano parameterization, the minimum value of o is o .) From b 
and d ,  one then computes the parameters a and b : 
b = k - d  
a =  22 JT (7) 
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(The Fano parameter q is 2 4 7  .) The s i g n  o f  a (and q) i s  
posi t ive if t h e  minimum of a occurs  on t h e  low-energy ( long  wave- 
l eng th )  s i d e  of t h e  p r o f i l e .  
The resonance frequency w, may next  be determined g r a p h i c a l l y  
by drawing a curve p a r a l l e l  t o  t h e  background curve  C ( w )  , a d is -  
t a n c e  4 - k above c ( ~ ) ,  a s  shown by t h e  dashed l i n e  i n  Fig.  1. 
( I f  d > h , t h i s  curve l ies below C ( w )  .) The i n t e r c e p t  o f  t h i s  
curve  w i t h  a(w) occurs a t  w = w,. (Actua l ly ,  t w o  i n t e r c e p t s  occur  
un le s s  a = 0; t h e  w = w, i n t e r c e p t  l ies  between t h e  f requencies  
of maximum and minimum 0.) 
The resonance half-width r may be obtained from a measurement 
of t h e  frequency displacement Awl between p r o f i l e  maximum and 
p ro f i l e  minimum (see Fig.  2 ) ,  by us ing  t h e  formula 
r 1 
A l t e r n a t i v e l y ,  I'may be obtained f r o m  a measurement of t h e  wid tn  
A w l  of t h e  p ro f i l e  peak a t  half-maximum height  by us ing  t h e  formula 
z 
r = ~ A w ,  F(r) 2 with r =, o j b  , 
z (9 )  
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where t h e  func t ion  F , 
F ( r )  = / JlZ + 1 
is p l o t t e d  i n  F ig .  3 .  Knowing r = a / b  , one can read  t h e  va lue  
of r/ .hAwl, - from Fig .  3 .  
2 
The preceeding remarks a l s o  apply t o  t h e  a n a l y s i s  of 
p r o f i l e s  p l o t t e d  on a wavelength s c a l e .  One t h e n  employs 
q u a n t i t i e s  A, , AAv. and AAi i n  p l a c e  of (30 ,Ut5and AWia 
Analysis  s i m p l i f i e s  w i t h  t h e  i n t roduc t ion  of a q u a n t i t y  
a p r o f i l e  Ilwidth" expressed i n  Zngstroms, 
P I 1 ,  
r 
" P = 
(2lrhc / A,= 
such t h a t  t h e  dimensionless v a r i a b l e  e is 
This llwidth" may be determined from t h e  r e l a t i o n s  
7 
Using t h e  procedures j u s t  descr ibed ,  one can o b t a i n  pro- 
v i s i o n a l  va lues  f o r  t h e  p r o f i l e  parameters.  Because of t h e  e r r o r s  
introduced i n  e s t i m a t i n g  t h e  background l e v e l  and resonance width,  
s l i g h t  parameter adjustments w i l l  u s u a l l y  be r equ i r ed  i n  o rde r  
t o  secure an optimum f i t  of t h e  obse rva t iona l  d a t a .  
111. PARAMETER INTERPRETATION 
Two interactions contribute to the profile parameters of 
autoionizing lines. lJ3 The interaction of the atom with the 
radiation field is expressed by matrix elements of the atomic 
dipole moment Ivy D = e Lizi . The mixing of quasi-bound config- 
urations with continuum configurations is expressed by matrix 
elements of an inter-electron coulomb potential nr . 
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Matrix elements are taken in the angular-momentum represen- 
tation, in which the atom is specified by total angular momentum 
J and additional quantum numbers i, k, n or B.  I shall use i, k, 5 
and n for a discrete quasi-bound configuration, such as the 2 s  2p 
of helium, and for a continuum configuration, such as Is sp. 
Profile parameters then involve: a) radiative transitions between 
the initial state liJ.> and a resonance state IkJ >, governed by 
the amplitude 
1 k 
governed by B ’  b) 
photoionization to the continuum PJ 
and c) the mixing of bound and continuum configurations, governed 
by the autoionization amplitude 
The double bar notation designates the reduced matrix elements 
of Racah ; the operator IV , being a scalar, has no matrix elements 
between states with different J . 
6 
To simplify the following formulas, I shall use units such 
that e = m =d= 1.
a,, = 5.29167 x lo-' cm , while cross-section parameters a, b, and 
c are given in units of (a,,?= 2.80018 x 10-l~ cm . For resonance 
half-widths in atomic units, E q .  (9) reads 
Wavelengths are then expressed in Bohr radii, 
> 
a 
F(r) . 
3 ~ = A E  x ' 13.605 
where AEl is expressed in eV. 
and expresses wavelengths in Zngstroms, then the width (in atomic 
units) is 
If one uses the wavelength "width", 
8 
while the decay rate (in sec-' ) is 
27 
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The symbol cx denotes  
Sommerfeld's f i n e  s t r u c t u r e  constant,ct = 7.29720 x lo-= , a-l = 
1.370388 x l o 2  . 
The resonance half-width is  t h e  sum of t r a n s i t i o n  probabi l -  
i t i e s  t o  lower l y i n g  bound s t a t e s  and t h e  t r a n s i t i o n  p r o b a b i l i t y  
f o r  au to ion iza t ion :  
d 
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The  symbol s t ands  f o r  summation on d i s c r e t e  quantum numbers 
i n t e g r a t i o n  over continuous l a b e l s ,  s u c h  as energy. 
S and 
The f i rs t  two sums go over a l l  l e v e l s  whose energy i s  less than  
t h e  energy 5 of t h e  exc i ted  l e v e l .  
continuum conf igu ra t ions  whose energy E 
I 
The t h i r d  sum goes over a l l  
~ i s  equal  t o  E B k ( 6  is  t h e  
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Dirac or Kronecker delta). 
With the introduction of the oscillator strength f ik , given 
in atomic units by 
the profile parameter b may be written: 
the oscillator strength, less an amount arising 4n That is, b is - 137 
from dilution by the continuum, expressed in units of the resonance 
width. 
The parameter a may be written: 
x 
&Jk + 1 
When there is no continuum having an energy equal to the resonance 
-10- 
energy, o r  when s e l e c t i o n  r u l e s  prevent  mixing of t h e  cont inuum 
c o n f i g u r a t i o n  w i t h  t h e  exc i t ed  conf igu ra t ion ,  t hen  a i s  zero.  
IV. PROFILE DISPLAY 
When la1 > l b l ,  p r o f i l e s  a r e  most r e a d i l y  p l o t t e d  by i n t r o -  
ducing t h e  parameter p E b/a and w r i t i n g  E q s .  ( 2 )  and ( 3 )  a s  
u = a [ r ; r r l . .  C+P , 
When 1. .e lbl ,  t h e  parameter r a / b  can be used:  
u = b [ - ] + C ,  
n-1 = (s) b l E  ] + D . 
The impl i ca t ion  of t h e  Kronig-Kramers r e l a t i o n  is  ev iden t  i n  
t h e s e  express ions ;  a determinat ion of t h e  r a t i o  a/b from absorp t ion  
d a t a  permi ts  one t o  p r e d i c t  r e f r a c t i v i t y  immediately. F ig .  4 
-11- I 
e x h i b i t s  t h i s  connect ion g raph ica l ly .  
As an example, c o n s i d e r  t h e  a u t o i o n i z i n g  l i n e  o f  t h a l l i u m  
near  2005k, s t u d i e d  i n  absorp t ion  by Garton, Parkinson, and Reeves. 7 
I 
Analys is  of t h e  p r o f i l e ,  fol lowing t h e  s t e p s  of  S e c t i o n  
111, y i e l d s  t h e  fol lowing p r o f i l e  parameters:  8 i 
a = 20 .0  x lo1* c m 2  
b = 1 8 . 9  X 101*cm2 
q = 2 .3  
A,= 2005.4d 
q - l l =  i . 8 b  
r/fi= 8.6 x l o u  sec-l 
The background C can be taken a s  a l i n e a r  func t ion  of wavelength. 
This  abso rp t ion  p r o f i l e  i s  shown i n  F ig .  5 .  I t  t h e n  fol lows t h a t  
t h e  r e f r a c t i v i t y  i s  a s  shown i n  F ig .  6. 
I n  o rde r  t o  p lace  t h e  r e l a t i v e  measurements of r e f e r e n c e  
9 10 
( 7 )  on a n  a b s o l u t e  s c a l e  , I have used t h e  d a t a  of  Marr , 
m u l t i p l i e d  by a f a c t o r  of 0.753 a s  suggested by M a r r  and Hep- 
p i n s t a l l  , t o  normalize t h e  reference ( 7 )  d a t a  i n  t h e  wave- 
l e n g t h  reg ion  below 1980 A .  
po la t ed  i n t o  t h e  r e g i o n  1970 - 1900 A, agrees  w i t h  t h e  Marr- 
Hepp ins t a l l  d a t a .  
11 
The p r o f i l e  of fig . 5, when ex t r a -  
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FIG. 1. Illustration of graphical determination of 
quantities a ,  A and w, or A, , and Fano 
parameters a,(w) + ub(w). 
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F I G .  2. Graphical  d e f i n i t i o n  of Awl and A w l  u s e d  
z 
fo r  determining I' . For prof i les  as a 
func t ion  of A , read  Ahl and A I  i n  place 
of Awl  and 
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FIG. 3 .  The func t ion  F ( r )  used w i t h  eqn. 9 t o  estimate r . 
The arrow i n d i c a t e s  asymptotic value.  
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F I G .  4.  Comparison of absorp t ion  c ross -sec t ion  CJ w i t h  
corresponding r e f r a c t i v i t y  f o r  a )  o rd ina ry  
l i n e s  b) , c) and d)  , au to ion iz ing  l i n e s .  (Curve 
c shows a "window" resonance) .  For s i m p l i c i t y ,  
a l l  resonances are shown here  w i t h  i d e n t i c a l  
widths .  

FIG. 5. Absorption cross-section for autoionizing 
line of neutral thallium near 2005 A .  The 
data of Garton, Parkinson and Reeves7, ob- 
tained with an analog recorder, is indis- 
tinguishable from the heavy line. The dots 
show data of Marr , corrected by Marr and 
Heppinstall , used for normalization below 
1980 i. 
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F I G .  6. Refractivity of neutral thallium near 
2005 w predicted from absorption pro- 
file of F I G .  5. Ordinate scale refers 
to a density of loB absorbers per cm3. 
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